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Abstract 

We give a holomorphic extension result from non generic CR submanifold of of 
positive CR dimension. We consider a non generic CR submanifold given by A'^ = 
where 01 is a generic submanifold of some and h is a CR map from 
01 into C". We prove that if *H is a hypersurface then any CR distribution on A'' 
extends holomorphically to a complex transversal wedge, we then generalize this result 
for arbitrary 91 in the case where the graphing function h is decomposable at some 
p' G 01. We show that any CR distribution on TV that is decomposable at p — {p' , h{p')) 
extends holomorphically to a complex transversal wedge. 

1 Introduction 

1.1 Statement of Results 

Let 01 be a smooth generic submanifold of ([;;'=+'" of CR dimension k and h a smooth 
CR map from 01 into some C" verifying dh{0) — 0. Set L = k + m + n, we construct 
a CR submanifold A'' of C near the origin as the graph of h over 01, that is A'' = 
{(01, /i(01))}. It turns out that any non generic CR submanifold of can be obtained 
in that fashion, see for example [l]. The main question we address in this paper is the 
possible holomorphic extension of CR functions of N to some wedge W in a complex 
transverse direction. We say that a vector in is complex transversal to A'^ at 
p £ N if V ^ spancTpN . For totally real submanifolds of C^, we have the following 
well known result (see the remarks following for different proofs of this result). If A'^ is 
a non generic totally real submanifold of and v G is complex transversal to A'' 
at p. Then for any continuous function / on a neighborhood of p in Af there exists W„, 
a wedge of direction v whose edge contains N such that / has a holomorphic extension 
to W„. In this paper, we shall study the case where A'^ is not totally real, that is we 
consider CR submanifolds of given by A'^ = {(01, ft(01))} where 01 is generic in 
of CR dimension fc > 0. We say that a CR distribution extends holomorphically to a 
wedge W if there exists a holomorphic function F in W such that the boundary value 
of -F on A' is /, i.e < f,ip >= lim_;^^Q+ F{x + \v)ip(x)dx for any v G W. 

Theorem 1.1.1 Let N — {(01, /i(01))} be a smooth (&°°) non generic CR submanifold 
of C'^+^ X C" such that 01 C C*+"'^ is a hypersurface. If f is a CR distribution on N 
then for any p £ N and any v complex transversal to N at p, there exists a wedge W of 
direction v whose edge contains a neighborhood of p m N and F G OCW) such that the 
boundary value of F on N is f. 

We obtain some extension results for arbitrary 01 for decomposable CR distributions. 
Since the CR structure of A'^ is determined by 01, the CR distributions of A'^ are precisely 
the CR distributions of 01. 
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Definition 1.1.1 A CR distribution u on 'HI is decomposable at the point Z^'Ulif, near 
Z, u = X^jLi Uj where the Uj are CR distributions extending holomorphically to wedges 
^N j in with edges 9^. We shall say a CR distribution u on N is decomposable at 

a point p = (p'j h{p')) if u is decomposable at p' on CH. 

Theorem 1.1.2 Let N — {(91, /i(7t))} be a smooth (G°°) non generic CR submanifold 
o/C*"'''"^" such that the function h decomposable at some p'o G Vt. Let v be a complex 
transversal vector to N at po — {p'o, h{p'Q)) . 

(A) If f IS a decomposable CR distribution atpo, then, nearpo, there exists a wedge 
W of direction v whose edge contains a neighborhood of po m N and F G 0(W) such 
that the boundary value of F on N is f . 

(B) There exists a wedge W of direction v and {Fi}"^^, Ft G 0(W) such that 
dFi A ... A dFn 7^ on W and each Fi vanishes to order one on N . 

We also get as a corollary: 

Corollary 1.1.3 Let M be a smooth ) generic submanifold ofC^ containing through 
some Po £ M a proper smooth ) CR submanifold N = (91,/i(91)) of same CR di- 
mension, write Po = {p'o, h{p'o)) with p'o G 91. Assume that the function h decomposable 
at p'o- Let V G TpgM \ [spancTpgN]. If f is a decomposable CR distribution atpo, then 
there exists a wedge W in M of direction v whose edge contains N and F smooth (C^ ) 
CR functions on W such that the boundary value of F on N is f. Furthermore, there 
exists a collection of smooth CR functions {ge}"^i vanishing to order one on N and 
such that dgi A .... A dgn on W. 

1.2 Remarks 

The equivalent of theorem i 1.1.1 I for totally real manifolds (mentioned in the introduction) 
can be proved in several ways, one way is to follow the theory of analytic vectors of an 
elliptic operator due to Treves (see section 3.2). Another way is to use the following 
result: Let A'^ be a smooth submanifold of the boundary of SI, a strictly pseudoconvex 
domain in C^. If iV is complex tangential {TN C {T{dQ.) n iT{dn))) then iV is a Pic 
interpolating set. See for example |14) or |16| . Given A'^, a totally real non generic 
submanifold of , one can easily construct Q as above and deduce the theorem. 

The boundary value of a holomorphic function is well defined for functions of slow 
growth, that is there exists a constant C > and a positive integer £ such that \F{z)\ < 
\di3t(-,N)\^ ' *here dist{z,M) denotes the distance from a point z to A'. Conversely any 
CR distribution which extends holomorphically to a wedge "W is given by the boundary 
value of a holomorphic function of slow growth. See for example 

As it is noted in 1191 on most CR submanifolds of all CR functions are decompos- 
able, hence the hypotheses of theorem ll.l.2l hold in a generical sense. However, they are 
examples of CR submanifolds of on which indecomposable CR functions exist, see 
1191 for the general theory and |15| for an elementary explanation of such examples. It 
turns out that on Trepreau's original example of a CR manifold where undecomposable 
CR functions exist we still do get holomorphic extension of CR functions to complex 
transversal wedges (see section 3.2). 

Theorem ll . 1 . 2l imDlies that the extension obtained is not unique, which differs greatly 
with the holomorphic extension results obtained for generic submanifolds. We wish to 
point out the differences between our results and the previously known results on holo- 
morphic extension of CR functions. The most general result on holomorphic extension 
is Tumanov's theorem which states that if M is a generic submanifold of that is 
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minimal at some po then there exists a wedge W with edge Af (near po), such that 
one gets a "forced" unique local holomorphic extension of CR functions defined in a 
neighborhood of po in M. 

One should note that the question of CR extension can be viewed as a Cauchy 
problem with Cauchy data on a characteristic set A'^. In [HJ we constructed an example 
of an abstract CR structure where there is no such CR extension propriety. It is very 
easy to construct an abstract CR structure where there is no CR function vanishing on 
A'^ to finite order (see the example at the end of this paper). 

Off course the situation is greatly different if we impose holomorphic extension to a 
full neighborhood of TV, as the next example shows. 

Example Let /„ 71 > be a sequence of disjointed intervals (separated by some 
open sets) in R accumulating to the origin and let u be a smooth function such that 
itj/„ — 1/n. Let 7 = {(s,it(s))} C C'^. Suppose / is holomorphic on a neighborhood of 
the origin and that fj^ — 0, then f{wi, ;^) = for all n for \wi\ small enough and thus 
/ = 0. 

1.3 Background 

The first result on holomorphic extension of CR function is due to Lewy 1131 . He 
proved that if a hypersurface was Levi nondegenerate at po then CR functions extend 
holomorphically to one side of the hypersurface. This result was generalized by Boggess 
and Polking |S] for arbitrary dimensions. In the case of Levi flatness Trepreau (17| 
proved that if a hypersurface in C" is minimal at po (it contains through po no n — 1 
dimensional complex manifold), then CR functions extend holomorphically to one side of 
the hypersurface. The generalization of Trepreau's result to arbitrary codimension is due 
to Tumanov I21| . in which he states that if the manifold M is minimal at po (it contains 
through Po no proper submanifolds of same CR dimension) then CR functions extend to 
a wedge in C" with edge M . CR extension to manifolds of higher CR dimension has been 
dealt with in works by Taiani and Hill [3], Tumanov |22l as a well as in a recent paper 
by Eastwood and Graham 0. For general background on CR geometry, we recommend 
the books by Baouendi, Ebenfelt, Rothschild Boggess |1] and Jacobowitz |12| and 
the survey paper on holomorphic extension by Trepreau |18|. 

1.4 Outline of the Paper 

The main part of this paper is the proof of theorer jl.1.21 we then obtain theorem ll.l.ll 
as a corollary. We show that it suffices to consider the case where N is given as a 
trivial CR graph, that is A*' = {(9^,0)}. We then solve a Dirichlet problem on some 
open subset f2 of 91 x R", by Treves's analytic vector theory, this yields holomorphy in 
the w variables. To obtain holomorphy in z we need to proceed with a deformation on 
91 so that the "boundary" of Q. (boundary with respect to the variables of the elliptic 
operator) 90 is a CR submanifold of 9t x R" of same CR dimension. 

1.5 Acknowledgements 

The author would like to thank Jean-Pierre Rosay for some helpful remarks and fruitful 
discussions as well as Jean-Michel Bony for the references for the Dirichlet problem for 
elliptic operators and Joel Merker for the help with the pictures. 
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2 Complex Transversal Holomorphic Extension 
in Manifolds of type N = {% 0) 

We first consider the case where the graph of 'HI is trivial, i.e. h = 0. 

Theorem 2.0.1 Let N = {(91,0)} be a smooth non generic CR submanifold of 

£fe+m+n^ Let {v} he complex transversal to N atpo. If f is a CR distribution on N that 
is decomposable at po, then there exists a wedge W of direction v whose edge contains 
N and F G OCWi,) such that the boundary value of F on N is f. 

The main tool to prove theorem 12.0. II is the following proposition: 

Proposition 2.0.2 Let N = {(91,0)} be a smooth non generic CR submanifold 

of and let f be a distribution on N that admits a holomorphic extension to 

a weaqe W m C'=+'" with edge 91 near po, then for any v complex transversal to N 
at Po, there exists a wedge in of direction v whose edge contains 91 and 

F G O(W^) such that the boundary value of F on N is f. 

Proof of Theorem l2irTl We assume proposition l2 . . 2l Let u be a complex transversal 
vector and let u be a CR distribution on 91. By hypothesis, u — X^jLi Uj where each Uj 
is a CR distribution that extends holomorphically to a wedge Wj C C''^™ with edge 91. 
We thus apply proposition l2.0.2l to each Uj to obtain a holomorphic extension to wedges 
Wj all in the direction v. Let W = njLiWj we conclude that the function X^jLi Uj is 
holomorphic in W and X^^i Uj = m on 91. This concludes the proof of theorem 12.0.11 
■ 

The remainder of this section will be devoted to the proof of proposition 12. ().2l 

2.1 Local Coordinates 

We begin with a choice of local coordinates on 91. 91 is a generic manifold in We 
introduce local coordinates near po- We may choose a local embedding so that po = 
and 91 is parameterized in C'=+™ = x C™, by 



91 = {{z, w') G X : Im{w') = a{z, Re{w')), a{0) = da{0) = 0}. (2.1.1) 
We will denote by s = Re{w') G R™, we thus have 

m = {{z, s + ia{z, s)} CC'' xC^, To91 = C*xR"'. (2.1.2) 

Define CTp9I = rp91 ® C and Tp^'^91 = T°'^C^+"' n CTp9I. We say that 91 is a CR 
manifold if dime Tp '^91 does not depend on p. The CR vector fields of 91 are vector 
fields L on 91 such that for any p G 91 we have Lp G Tp'^91. One can choose a basis L 
of t'''^91 near the origin consisting of vector fields Lj of the form 

■' 1=1 

The wedge W in C'''+'" with edge 91 on which we have holomorphic extension of the 
function / in a neighborhood of the origin is of the form 

w = (It + ir) , 

where II is a neighborhood of the origin in 91 and F is a conic neighborhood of some 
vector ^ in \ {0}. We make another linear change of variables, identifying the vector 
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/i with (1, 1, 1) thus not changing |2.1.2l We therefore have for some 77 > and Bn{0), 
a ball centered at the origin in of radius rj 



W = (11 + ir) , where U — Bn{0) H and F is a conic neighborhood of 

inR™\{0}, (2.1.4) 
/ extends holomorphically to W = (U + iF) n B^{0). 

2.2 Deformations 

Denote by Br the ball of radius r centered at the origin in R"* and Br the unit ball 
centered at the origin in C*". Let d G R be such that for rj given bv l2.1.4j we have 



< d < 



Let e > be given, let be C°° functions so that 

6j = d if s e R™ \ B2, 
Define the generic submanifold of C*-' x C™ 91 as follows 

m = {{z, s + ib{z, s)) : {z, s) G C*-' X R™}. 



(2.2.1) 



(2.2.2) 



(2.2.3) 



Notation. We shall use the following convention, if M is a manifold defined in a 
neighborhood of the origin, parametrized by C*^ x R™, then Mjsr is defined by 

M\Br={iZ{z,x)):xeBr}. 
With the above notation we then have 

which we illustrate with the following picture. 



?n = C'= X (K"" + id) 




Proposition 2.2.1 For e small enough, there exists bj as in \2.2.'A ^ so that f (as in 
m-ovosition \2. 0. ^) extends to a CR distribution on ^ m a rj neighborhood of the origin. 
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Corollary 2.2.2 There is no loss of generality in assuming that the functions a in \2.1.1\ 
verifv \F.2.'A i.e., one can replace 9^ by 9t. 

Proof of Proposition 12.2. IL The main tool is the following lemma. 
Lemma 2.2.1 There exists bj so that for e small enough we have 

(vi n Vr^ C W, 

where W and V,, are as in \2.1.4\ 

Proof of Lemma I2T27T1 
Bv l2.1.2l we have 

l|a.l|L-(B3.xS3.) <Ce. (2.2.4) 
Choose i9 and ^ positive C°° functions so that 

1? = on Be and 1? = 1 on R™ \ B4^, (2.2.5) 
= 1 on B4,,^ = on K"" \ Bs,. 
Define the functions bj as follows, 

bi = di? + (1 - ■!?)ai 

and bj for 1 < j < m is given by 

bj=aj+i6{d^a^) + (l-i){d-aj), 

where d is given bv 12.2.11 We see that bj — aj if s G Be and 6j = d if s € -Bse \ B2e. 

We need to show now that a point {z, s + ib{z, s)) is in the wedge W. Write {z, s + 
ib{z, s)) — {z,s + ia) + (0, iv) where v is given by 

V = i9(d - ai) (1, 1) + (1 - ^) (0, ai - 02, ai - Oj, oi - a„i) 

Bv im a, = O(e^), so if e is smaU enough we see that {z,s + 16(2,5)) £ W To 
conclude the proof of lemma 1^.2. II we need to make sure that e is also small enough so 
that (2, s + id) £ Bri{Q) when (z, s) G x Bse, which we can do bv l2.2.li ■ 

The proof of proposition 12.2.11 is now immediate, the CR extension of / to is 
given by the restriction of the holomorphic extension of / to 01, which is possible by the 
preceding lemma. ■ 

(Abuse of) Notation. From henceforth we shall be working on 91. However, to keep 
the notation as simple as possible we will forget the tilde and keep the 91. 

2.3 Resolution of a Dirichlet Problem 

Consider the generic manifold 91 x R" C C'=+'" x C". 

Lemma 2.3.1 A basis £ of the CR vector fields 91 x R" consists of vector field Lj of 



the form 



where the Lj can be chosen to verify the following property. 
// s e R" \ B2e we have 

L - A 

"-^-dz,- 

The proof of the first part of lemma 12.3.11 can be found in any textbook on CR 
geometry. The second part is just a consequence of the construction of 91. 
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2.3.1 Construction of the operator A«rtxR" 
Lemma 2.3.2 There exists m vector fields Rj of the form 

m ^ 

=I]aji(^,s) — 

where the Uji are smooth functions, such that 

(i) Rj{w'i) = 5ji, j,l e {1, ...,m}, 

(ii) [Rj,Ri]=0, 
(ill) \Lj,Ri\ =0, 

(iv) the set {Li, Lk, Li, L^, Ri, Rm} span the complex tangent plane to 
near the origin. 

The proof of the lemma is classic, (ii) (iii) and (iv) are a consequence of (i). We 
thus determine the Rj by solving for their coefficients in (i) (see for example Lemma 
8.7.13 page 234). 

Remark 2.3.1 We note that the Rj 's verifies the following property, 
if j < m then 

d 

The equivalent of lemma IT3.2l for 7t x K", is given by 

Lemma 2.3.3 The m + n vector fields given by {Ri, Rm, , verify the 

same properties as in lemma V2.3.'A where we replace ^ by x R". 

Define A^nxR" by 

m n ^2 

From inj.ll and lemma 1^.3. 21 (iii') we deduce immediately the following: 

Lemma 2.3.4 The operator — A^rtxH" strongly elliptic of degree two on 91 x R" with 
smooth (^C°°J coefficients and no constant terms. 

AcytxR" is a diff'erential operator in the variables s and t whose coefficient functions 
depend smoothly on the z variable. We are going to study a Dirichlet problem on 9^ x R". 
To do this, we need Q, some open set in 9t x with boundary parametrized by 
some closed submanifold of R""'"'" of codimension one (recall that A<nxE" is a differential 
operator in the variables s and t). 

Remark 2.3.2 The reason we went to the trouble of redefining 91 was to be able to 
define an open set SI whose boundary is a CR submanifold o/ 9t x R" of same CR 
dimension containing near the origin 9t. 

2.3.2 Construction of the open set fl 

In R™"''" let uj be an open set contained in R'"^" n {ti > 0} and whose boundary (see 
figure) is the union of two submanifolds 71 and 72, verifying the following properties. 

(1) 71 is given by ti = for {s,t) G B2e. 

(2) 72 C -Bse \ -B2E is such that 

(i) 71 U 72 bounds an open set lj, 
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(ii) 71 U 72 is smooth. 
Define Q by 

Q — {{z, w{z, s,t) : z € ®3j, (s, t) G lo}. 
The boundary of Q on which we shall impose the Dirichlet data is defined to be 

do. = {{z,w{z,s,t) : 2 e Sse, {s,t) € 71 U72}. 

Lemma 2.3.5 dQ is a smooth CR submanifold ofVlx of same CR dimension. 

Proof of Lemma l2.3.5l The lemma is clear for the part of 71 which contains 9^ x R"~^ . 
Out of 91 X R"~^ by lemm J7.3. li the generators of the CR vector fields Lj are equal to 
■7=-, hence the lemma. ■ 

We have the following picture. 




Denote by (D) the Dirichlet problem on SI, i.e. 

I A<jixK"('i) = inn, 
1 u = 17 on do,. 

We now have the following result, which seems well known but is not so easy to find 
in the literature. 

Theorem 2.3.3 For g G T)'{dQ), (D) has a unique solution. 

For a reference, we send the reader to [S| theorem 5.2 and remark 5.3 page 263-265, as 
well as chapter 10. 

Let S be the solution operator for (D), that is for g £ we have 

A^„xK"(5(5))=0 in n, ^2 3 3) 

S{g) = g on dfl. 

Proposition 2.3.4 Let Lj £ L and let g be a CR distribution on dQ then we have 

Lj{S{g)) = 0. 

Lemma 2.3.6 // / is a CR distribution on dQ, then for any Lj £ L we have 

Lj{S{f))\3n = 0. 

Proof of Lemma 12.3.61 The lemma holds since dQ, is a CR submanifold of 91 x R" 
and / is a CR distribution on dQ, so Lj{S{f))\dn = i|sn(.f|sri) = 0. 

Proof of Proposition 12.3.41 Consider Lj{S{g)). By lemma l^.3.21 (iii) we have 
A<yixR"Lj{S{g)) = LjA<nxR"{S{g)), 

hence we have 

A<„xM" [^.(^(p))] =0. (2.3.4) 
By lemma l^.3.6I Li {S{g)) vanishes on dQ, hence by theorem l2.3.3l we have Lj {S{g)) — 
OinQ. m 
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2.4 Analytic Vector Theory 

In this section we present the results developed by Baouendi and Treves [3 and later by 
Treves in |2()| . We have included this section for the sake of completeness and claim no 
originality whatsoever. We will state the main results needed here, sending the reader 
who wishes to read the details of the proofs to 1201 . 

Definition 2.4.1 Using the notations Rm+j ~ and R" — R^^ ...R'^'l^" for a G 
N"'^", we shall say that a continuous function f into is an analytic vector of the system 
of vector fields {Ri, Rn+m} if R" f G 6° for any a € N"+™-, and if to every compact 
set K of uj there is a constant p > such that, in K , 

sup fpl"ll:^^ <oo. (2.4.1) 

Let p = {z,'w{z, so,to)) G so that with our previous notation (so,fo) G ^- We are 
using the following convention 

{z,w{z,so,to)) e n <4. {z,so,to) e Sse X iO. 

Proposition 2.4.1 (Lemma 4-1 in \^). Let p = {z,w(z, so,to)) £ Q,, let XL he an 

open neighborhood of {so, to) inuj, K a compact subset of XL. To every pair of positive 
constants Ci,C2, there is another pair of positive constants C[,C2 with C'2 independent 
of Ci such that for any C°° function f in an open neighborhood of the closure ofU, if 
we have, for a// fc G N and all z G Bse, 

l|A^xM"/IU-(u) < CiCUm, (2.4.2) 
then for every 2 G and every a £ 

\\RV\\L^(K)<C[C'2^''^\a\\ (2.4.3) 

Proposition 2.4.2 (Proposition n.4-1 in 12(J( ). Let p € Q,, m order that f € be an 
analytic vector of the system of vector fields {Ri, R„+m.} it is necessary and sufficient 
that there exists an open neighborhood V of p in C'' x and a continuous function 

F{z,w) inV holomorphic with respect tow and such that f{z,s,t) — F{z,vu{z, s,t)). 

The main difficulty in the proof of proposition 12.4.21 is to show that the function 
defined by 

F{z,w,s,t)= ^-^^^^{w-w{z,s,t)r 
is equal to / for w near w{z,s,t) in SI if / is an analytic vector of the vector fields 

{-Rl, Rn + m}- 

We shall use proposition 12.4.11 to construct analytic vectors of the vector fields 
{Rl, -Rn+m} and then apply proposition l2.4.2l to these vectors to obtain a holomorphic 
extension in the variables w. 



2.5 Proof of Proposition 12.0.21 

We have 

ToN = & xR"" X {0} C C*" X X C". (2.5.1) 

If V is complex transversal to N at the origin, then ii G {0} x {0} x C". Therefore after 
a linear change of variables in (viewed as a linear change of variables in C" 

being the identity on ([3'=+'" so that I2.l!^ is unaffected) we may assume that v has the 
following form 

v={0,0,v'), w' = (1,0, ...,0) G R" X {0} C C". (2.5.2) 
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We first show that / extends holomorphically to a neighborhood of SI. 

Notation Given P = {z,w) a point in fi, IX will denote a neighborhood of in and 
U will denote a neighborhood of w in C™"''". 

(A) Holomorphy in w 

By construction, we have AfnxK"<S'(/) = on fi. Let Q = (zo,wo) G n. By 
proposition 12.4.11 S{f) is an analytic vector for the vector fields Rj on some open 
neighborhood IXi of wq. By DroDosition l2.4.2l 5'(/) extends holomorphically as a function 
of ui to a function denoted by F\ when [z, w) is in some open neighborhood Ti-^ x Ui of 
(zojWo)- Let uii G lIi, uii 7^ wq. Consider then P — {zo,wi). By the above reasoning, 
we find the existence of neighborhoods IX2 and U2 of wi and a function F2 defined on 
X U2, holomorphic as a function of w such that 



Claim: Fi = F2 on x [Ui n [/2]. 



Proof of the Claim. For z fixed, (Ui nli2) can be viewed as a totally real submanifold 
of C"^". The function G = Fi — F2 extends holomorphically to (f/i n I72) as a function 
of w and is null on (Iti n 1X2), and is thus null where it is defined. 

Using the claim, we conclude that the function S{f) extends holomorphically as a 
function of w to a neighborhood il of f2 in C™^". 

(B) Holomorphy in z 

Let Lj G £. Since S{f) extends holomorphically as a function of w, we have 



(2.5.3) 



By proposition ITO Lj{S{f)) = S{Lj{f)) and since / is CR and 5(0) = 0, we have 

= 0. (2.5.4) 



d 
dzj 



Note then that ^=5(/) is a holomorphic function of w, for z fixed. It vanishes on a 
totally real generic submanifold of and thus it is null where it is defined. 

We note that S{f) is holomorphic on a set of the form x [R"^'" x iV] where 
^n+m ^ ]jn+m ^ ^ q| p ^ thus by theorem 2.5.10 in EHI, we con- 

clude that if chT stands for the convex hull of F then S{f) is holomorphic on x 

X ichr] . 



To conclude the proof of proposition 12.0.21 we need to show that the holomorphic 
extension obtained has slow growth and thus its boundary value agrees with our original 
CR distribution /. 5'(/) is holomorphic in some wedge W and admits a boundary value 
when approaching 91 x {0} along 91 x R"n{ti > 0}, hence S{f) has at most slow growth 
when approaching 91 x {0} along 91 x R" n {ti > 0}. By continuity, it has at most slow 
growth on any wedge C W, hence S{f) admits a boundary value on 91 x {0}, which 
by uniqueness of boundary value is /. This concludes the proof of proposition l2.().2l ■ 
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3 Proof of the Main Results and Remarks 



3.1 Proof of the Results on Decomposable CR Distribu- 
tions 

Proof of Theorem 11.1.21 Recall that N = {{Vt, h{yi))}. Consider the CR map 
h : yi C". By theorem 12.0. II each hj extends holomorphically to some wedge Wj. 
Set W = n"^iWj. Define F : (01,0) ^ (01,k/i(01)) where G R* by 

F(z, w' , w") = (z, w' ,w" + K,h{z, w')). 

Clearly, there exists k 7^ so that on W, the Jacobian of F is non zero, without loss 
of generality, we can assume that k = 1. Hence F is a biholomorphism from W to 
F^W) extending smoothly to a diffeomorphism from W to F{V}). Since dh{0) = 0, F 
is tangent to the identity at the origin, hence there exists W a wedge of direction v 
such that W C F(W). We then conclude that any decomposable CR distribution on A'" 
extends holomorphically to a complex transversal wedge of direction v. 

To prove (B), we note that fj — w" — hj are holomorphic in W and, since dhj{Q) = 0, 
we conclude that 

d{w'i - hi) A ... A d{w'^ - hn) / onW. 

Each fj vanishes to order one on A'' since F~^{z,w' ,w"} — {z,w',w" — h) — {z,w',t). 
■ 

Proof of Corollary 11.1.31 Let M and iV be as in the hypothesis of theorem 11.1.31 
After a linear of variables, we may assume that po = and that near the origin, Af is 
parametrized by 

M = {z,u + iv{z,u) : {z,u) G C''' X R*'"''}. 
By the implicit function theorem, we may assume that N is given as a subset of M by 

Up-k-n ~ fJ-l{z,Ul, «p_fc_„_l), Up-h ~ fJ-n{z,Ul, Up-k-n-l), 

fi{0) = dfj,{0) = 0. 

Denote by s = {ui, Up-k-n-i) G R™ and t = (itp_fe_„, Mp_fc) G R". Setting 
t' = t — fi, in the (z, s, t') coordinates, we have A'^ given as a subset of M hy t' — and 

N = {{z, w'{z, s),h{z, w') : {z, s) G C''' x R™}, 

where ft is a CR map from 01 := {z, w'{z, s)}. We can now apply theorem ll.l.2l to obtain 
the CR extension as the restriction of the holomorphic extension of / to W n Af. The 
second part follows in the same manner. ■ 

3.2 The non Decomposable Case 

Trepreau's Example 

We wish to note that on the particular class of manifolds of CR dimension k con- 
taining through the origin C*" , we do get a complex transversal extension result for any 
CR functions. Trepreau's original example of a CR submanifold of which admits non 
decomposable CR functions, is the following 

m = {(z,si+is2\z\^,S2 - isil^l^) : (z,si,S2) G C X R X R} (3.2.1) 

On this particular example, we do get holomorphic extension to complex transversal 
wedges of any CR distribution. 
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Proposition 3.2.1 Let M — {(SW, be a non generic CR submanifold o/ 

where DJt is given hv \3.2.1\ then the conclusions of theorem M.l.'A hold for CR distribu- 
tions. 

Proof of Proposition I3.2.1L As seen previously, there is no loss of generality in 
assuming that M = {(OT, 0)} C C'=+™ X C" and that if u is a complex transversal vector 
to M at the origin, then v = (1, 0, 0) C R" x {0} C C'\ Let / be a 6° CR function 
on M, consider x R" and the associated elliptic operator AojtxE"- As previously, 
we solve a Dirichlet problem with boundary data /. Denote the solution 5'(/), by 
our previous arguments is holomorphic in the variables ui on a neighborhood of 

f2 denoted V{Q.). Note that since QJZ contains through the origin C x {0} then V{Q) 
contains (C x {0} x R") n {ti > 0}. Let U be a neighborhood of the origin in Cz and 
let ^ be a smooth cut off function which is one on IX and zero on a neighborhood of 
11. Set F = £^dS{f) a (0, 1) form on a V{Q) with continuous coefRcient. Since S{f) is 
holomorphic in w, we have dS{f) = ^S'(/). Since / is CR, we get -F'|{gjtnu)xR" = 0. 
Let It — -§=F*^ then u is holomorphic in w and ujajixE" = 0. The desired extension 
for / is thus obtained by considering S{f) ~ u. ■ 

We can generalize this result to any CR submanifold of CR dimension k which 
contains through a point po C*" x {0}. We state without proving the next result, since 
the proof of this result is identical to the proof of proposition 13.2.11 one has to replace 
■i- by an appropriate integral kernel solving dz on a ball in C*". 

Theorem 3.2.2 Let M be a non generic smooth (e°°) CR submanifold of of CR 
dimension k. If the reunion of the CR orbits through po £ M is a complex manifold 
then the conclusions of theorem M.l.'A hold for CR distributions. 

We thus get as a corollary 

Corollary 3.2.3 (Theorem^TT^ Let N = {(91, h{%)} be a smooth non generic 

CR submanifold of c'^+'"+" such that C C'=+™ is a hypersurface. If f is a CR 
distribution on N then for any p £ N and any v complex transversal to N at p, there 
exists a wedge W of direction v whose edge contains a neighborhood of p m N and 
F e 0(W) such that F\n = f. 

Proof of the corollary To prove the corollary, we need the following result. 

Theorem 3.2.4 Let ^ be a generic submanifold o/C" minimal as some p G Then 
any CR distribution near p admits a unique holomorphic extension to some wedge W 
with edge 91. 

Proof of theorem 13.2.41 This result is well known so we will only sketch the proof 
Set k = CRdim{m), choose coordinates in C" so that C" = x CZ^^ ■ Construct 
the vector fields Rj as in lemma l!i.3.2l Denote by {Lj}'^^i a basis for the CR vector 
fields. By proposition 12.4.21 fusing the terminology of Baouendi and Treves) the system 
of vector fields Rj is normal at p (definition 4.1 in 0). Let / be a CR distribution on 
91, by theorem 4.1 in |2] there exists u € and i! G N such that 

[AfTlxH"]* U = f, 

L,(u) = 0. 

By Tumanov's theorem u extends holomorphically to some wedge W, denote by U the 
holomorphic extension of to W. The holomorphic extension of / is then given by 

We now proceed with the proof of the corollary. Let p £ N , p = [p' , h{p')), if 91 is 
minimal at p' , then any CR distribution is decomposable (it extends holomorphically 
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to a wedge by the above theorem), hence by theorem II . 1 . 21 we are done. If ^Tt is not 
minimal at p', then it contains a proper submanifold 7t' of same CR dimension, since 
O'l is a hypersurface, ^rt' is a complex manifold, hence by theorem l3.2.2l we are done. ■ 

We can now construct functions holomorphic in a complex transversal wedge van- 
ishing to infinite order on a non generic CR submanifold of . 

Corollary 3.2.5 Let N — {(Dt, be a non generic smooth CR submanifold ofC^ 
such that either ^ is a hypersurface or h is decomposable at p' £ 7t. Then for any v 
complex transversal to N at p — {p',h{p')) there exists a wedge W of direction v and 
g G 0(W) such that g ^ and g vanishes to infinite order on N . 

Proof of Corollary 13. 2. 51 Choose coordinates {z, w',w") G x C™, x C^„ such that 
9t C X C^i . After a linear change of variables, we can assume that v, the complex 
transversal vector is given by w = {0,0, v") G C*" x C™ x C" with v" = (1,0, ...,0). 
Consider the function fi defined by 

[0 </0. 

Then fj, is holomorphic on any wedge with direction v off edge 91 x {0} and vanishes 
to infinite order on 01 x {0}. Consider F the biholomorphism constructed in the proof 
of theorem 11.1.21 F{z,w' ,w") = {z,w',w" — h{z,w')). The desired function g is then 
given by g = ii{F'^ {z,w' ,w")). ■ 



Note. The function g does not extend holomorphically to any neighborhood of A'^. 
This situation differs greatly from the holomorphic extension situation in the generic 
case. Indeed, let M be a generic manifold where any CR function in a neighborhood 
of some point p £ M extends holomorphically to a neighborhood of p. Let W be a 
wedge attached to M, then any function which is holomorphic in W and at least on 
M extends holomorphically to a full neighborhood of p. However, if we now consider 
M = {(M, /i(M))} then the function g in corollarv l8 . 2 . 5l does not extend holomorphically 
to a full neighborhood of M. 



Remark 3.2.6 In \^ we constructed an example of an abstract CR structure where 
there is no CR extension. It is even easier to construct an example where there is no 
non trivial CR function vanishing on N . 

Example. Let L be a real analytic vector field (the Lewy operator for example) of the 
form 

r ^ , ft ^ ^ 
oz as 

that is not solvable (Hormander's theorem \10\). Let g be a smooth function not in the 
image of L, then define the abstract CR structure (M, where £ is given by 

n r d 

^=L + tg-, 

then the equation £j{tu) = is not solvable. Indeed, suppose it was, then we would have 

t£(u) + uL(t) = t(L(u) + ug) = 0, 
decomposing u = uq + tu\ where uo = uo{z, s) we obtain 

L{Log{uo))+g = 0. 

By real analycity of L, we see that there are plenty of non trivial functions in the 
kernel of £. 
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